We investigate the integrable structures in a N = 2 superconfomal Sp(N ) Yang-Mills theory with matter, which is dual to an open+closed string system. We restrict ourselves to the BMN operators that correspond to free string states. In the closed string sector, an integrable structure is inherited from its parent theory, N = 4 SYM. For the open string sector, the planar one-loop mixing matrix for gauge invariant holomorphic operators is identified with the Hamiltonian of an integrable SU (3) open spin chain. Using the K-matrix formalism we identify the integrable open-chain boundary conditions that correspond to string boundary conditions. The solutions to the algebraic Bethe ansatz equations (ABAE) with a few impurities are shown to recover the anomalous dimensions that exactly match the spectrum of free open string in the plane-wave background. We also discuss the properties of the solutions of ABAE beyond the BMN regime.
Introduction
Starting from BMN's proposal [1] on duality between the string theory on a plane-wave background and Super Yang-Mills (SYM), a number of aspects of this duality have been thoroughly investigated (e.g., see a recent review [2] and reference therein). Comparing with the well-known supergravity/CFT approach [3, 4] to AdS/CFT duality [5] , the planewave/SYM duality has several remarkable features: 1) In the plane-wave limit of the AdS 5 × S 5 background [6] , the string theory is exactly solvable in light-cone gauge [7, 8] . This makes it possible to set up the explicit correspondence between string theory and certain sectors in large N gauge theory, beyond gravity/CFT correspondence. 2) The plane-wave/SYM duality is perturbatively accessible from both sides. 3) On the SYM side, there exists a double scaling limit, in which one takes the rank N of the gauge group and the R-charge J of the BMN operators to infinity simultaneously, while keeping the effective coupling λ ′ = λ/J 2 , rather than the 't Hooft coupling λ, fixed. This provide us a chance to study non-planar contributions in large N Yang-Mills, which correspond to string interactions in the plane-wave background.
More precisely, the tests of the duality were based on comparing the spectrum of string excitations with anomalous dimensions of the corresponding BMN operators. One difficult point in the study was that there exists operator mixing after taking quantum corrections into account. To construct generic BMN operators in SYM and evaluate their anomalous dimensions, one needed to consider one-loop mixing among a large number of gauge invariant operators [9] . A remarkable development in overcoming this difficulty was the observation made in [10] that the planar one-loop mixing matrix for anomalous dimensions in N = 4 U (N ) SYM,
(K l,l+1 + 2 − 2P l,l+1 ), (1.1) can be identified with the Hamiltonian of an integrable SO(6) spin chain. Here λ = g 2 YM N is the 't Hooft coupling, K and P are the trace and permutation operator, respectively. This Hamiltonian acts on the Hilbert space H = ⊗ L l=1 H l , H l = R 6 and satisfies periodic boundary conditions with H L+1 = H 1 (forming a closed chain). Then a powerful tool, the Bethe Ansatz [11] for one-dimensional (quantum) integrable systems, can be applied to find the spectrum of BMN operators and match them with string predictions. In addition, the algebraic Bethe ansatz equation (ABAE) can be solved even in the case with finite J. (For further developments using the dilatation operator of SYM, see ref. [12] .)
More astoundingly, the integrable structure (1) in N = 4 SYM has far-reaching implications for strings beyond the plane-wave limit. Alternatively, the BMN states could be viewed [13] as quadratic fluctuations of a semi-classical string in AdS 5 × S 5 . In the BMN case, the semi-classical solution is near-BPS. However, the BPS condition turned out not essential, and there exist semi-classical sectors, far from BPS, which could also be used for precise tests of AdS/CFT correspondence. The duality between these so-called spinning strings and "long" scalar composite operators in gauge theory has been confirmed with the help of solving the ABAE of SO(6) spin chain in the thermodynamic limit. (For a recent review, see [14] and references therein).
On the other hand, it is very appealing to add D-branes and study the dynamics of open strings in both the AdS 5 × S 5 and D-brane backgrounds. This effectively corresponds to adding fundamental flavors to the dual gauge theory. Then issues similar to the original BMN proposal for closed strings can be investigated for open strings too. A well-known model has been proposed in [15] . The gauge theory is a four dimensional N = 2 Sp(N ) gauge theory with matter in [2] ⊕(4×2N) representations. The dual strings are in the plane wave limit of AdS 5 × S 5 /Z 2 , arising as the near horizon limit of D3-branes at an O7-plane in type I' string theory. Various aspects of the plane-wave/SYM duality in this system has been investigated: the free plane-wave string and the corresponding BMN-like operators [15, 16] , the plane-wave string interactions in terms of light-cone open-closed string field theory [17, 18, 19, 20] , and the semi-classical open string solutions in AdS 5 × S 5 /Z 2 as well [21] . (Other studies on D-branes in the plane-wave background could be found in [22, 23, 24, 25, 26, 27] .)
In this paper, we would like to explore the power of the integrable structures on the dual Sp(N ) gauge theory side. As a first step in this direction, we will concentrate on the test of (free) string spectrum, with the contributions corresponding to string interactions turned off. Then the sectors corresponding to closed string and open string can be treated independently. It turns out that the closed string sector has the same integrable structure as its parent, i.e. the planar one-loop ADM can be identified with as the Hamiltonian of a closed SO(6) spin chain. As for the open string sector, we restrict ourselves to the operators consisting of holomorphic scalars except the "quarks" at the two ends 1 Though we will work in the context of the Sp(N ) gauge theory, we expect that the main techniques and results in our work could be applied to other N = 2 SQCD [16] without trouble.
The paper is organized as follows: In Section 2, we first give a short review of the N = 2 Sp(N ) theory and its duality to plane-wave strings; then we study planar oneloop operator mixing. In Section 3, we proceed to uncover the integrable structures in this model, paying particular attention to the sector dual to free open string. Then we solve the resulting integrable open spin chain with the Bethe ansatz, and show that the solutions to the ABAE agree with string theory predictions. Finally we conclude the paper with discussions in Section 4.
Operator Mixing in N = 2 Sp(N) theory
The N = 2 Sp(N ) theory we study in this paper arises from the orientifold projection of 2N D3-branes spreading along x 1 , x 2 , x 3 directions, in the presence of four D7-branes and an O7-plane sitting at the origin x 7 = x 8 = 0. Due to the orientifold action, the strings become unoriented, and the gauge group on D3-branes changes from U(2N) to Sp(N ). The Sp(N ) gauge theory is superconformal when all 7-branes and D3-branes are sitting together. In this case, the near horizon geometry of D3-branes is AdS 5 × S 5 /Z 2 . One then takes the plane-wave limit by boosting along a circle inside S 5 /Z 2 in a worldvolume direction of the D7-branes. The D7-branes together with 5-form flux break SO(8) symmetry down to SO(4) × SO(2) × SO(2), where two SO(2) act on z ′ = x 5 + ix 6 plane and w = x 7 + ix 8 plane respectively. Therefore, the Neumann directions are along {x 1 , · · · , x 4 , z ′ ,z ′ } and the Dirichlet directions are along {w,w}. The light-cone spectrum of the free string in the plane wave limit of AdS 5 × S 5 /Z 2 is given by [15, 16] (8) global symmetry. The bosonic field content consists of the following N = 2 supermultiplets: the vector multiplet (V, W ), a hypermultiplet (Z, Z ′ ) in the antisymmetric representation, and four hypermutiplets (q A , q A ) in the fundamental representation (A = 1, ..., 4). In N = 1 language, V is a vector multiplet, while W, Z, Z ′ ,q A , q A are all chiral multiplets. The superpotential reads
where Ω is the invariant rank-2 tensor of Sp(N ). Now let us turn to the mixing matrix for anomalous dimension of composite operators in this N = 2 Sp(N ) gauge theory. Similar to references [10, 29] , we consider gauge invariant composite operators consisting of various chiral scalar matter fields without derivatives. The operator basis corresponding to closed string states are single trace operators 
Here the Q p (p = 1, ..., 8) are linear combinations of the "quarks" (q A , q A ) forming an SO (8) , characteristic of open string interactions [20] . It reflects the fact that 7-7 strings interact with closed strings in the bulk. Since our goal in this paper is to explore the power of integrable structures in studying free string spectrum, these contributions in gauge theory representing string interactions are not relevant. So we temporarily turn them off, and hope to incorporate them back when we study string interactions in the future. Once turning off the contributions dual to open-closed string interactions, the closed and open string sectors (4) and (5) are decoupled at the planar one-loop level, and we are allowed to treat the free closed string and free open string separately. Then the discussion for the closed string sector is the same as in [10] , so one has an SO(6) closed spin chain, whose Hamiltonian corresponds to the ADM of single-trace BMN operators.
Let us turn to the open string sector. The key difference between open and closed string BMN operators is that the latter consists of single trace operators, while the former operators with fundamental "quarks" appearing at the two ends. So we naturally expects that open-string BMN operators correspond to an open spin chain with boundary. For simplicity, we will focus on the gauge invariant operators consisting of holomorphic scalars. Recall that the N = 4 theory can be represented in terms of N = 1 fields with manifest
, where Z i = Φ 2i−1 + iΦ 2i , and Φ i form an SO(6) vector. Then the gauge invariant composite operators consisting of only Z i (or of only Z † i ) form the (anti-)holomorphic class, and the rest containing both Z i and Z † i form the non-holomorphic class. The crucial point is that operators belonging to different classes do not mix each other under planar one-loop corrections. It has been shown [29] that the Hamiltonian restricted to the holomorphic class,
describes an integrable spin chain with SU (3) symmetry. One can do the similar classification in the N = 2 Sp(N ) theory, for both closed string and open string sectors. Up to planar one-loop, the ADM for the operators (2.4) in the holomorphic class can be easily computed using Feymann diagrams (Fig. 1) , with the result
Here the boundary terms are
The difference in the prefactor between (2.5) and (2.6) comes from the fact that the rank of Sp(N ) group is actually 2N , or the number of D3-branes in the covering space is 2N .
The first term in Γ o looks the same as in the closed string sector. It is from three sources: flavor-blind gauge boson propagation, hopping of the impurity induced by the interactions between the chiral fields and self-energy corrections of the chiral fields. (See [29] for detailed discussions.) The last term in Γ o exhibits the effects of the "quarks" at the ends. The nonzero element in Σ is a manifestation that only when the chiral field at the first or the last site is W , the ADM receives an extra contribution from the first term in the superpotential (2.2) (see fig. 1 ). This corresponds to the Dirichlet boundary condition for open string [15] . And the zero diagonal components in Σ correspond to the Neumann boundary condition. The ADM Γ o is of the form of the Hamiltonian of an open SU (3) spin chain. In next section we will prove that the boundary terms make the open spin chain integrable, and try to solve it by using the Bethe ansatz, showing that the solutions agree with the spectrum of the plane-wave open string.
Integrable Open Spin Chain and Its Solutions
Recall that the (quantum) integrability of closed spin chains is guaranteed, if there is an R-matrix satisfying the Yang-Baxter equations [32, 33] 
where R ab acts on the tensor space H a ⊗ H b , with H a the Hilbert space associated with the a-th lattice site, and u or v the spectral parameter. The explicit expression of the R-matrix depends on the symmetry group and the representation of the spin chain. For the SU (n) chain (in the fundamental representation), it reads [32, 34] 
For open spin chains, the integrability requires, in addition to an R-matrix satisfying eq. (3.1), also the existence of a boundary K-matrix satisfying the boundary Yang-Baxter equation [35, 36] 
For an SU (3) open chain, the general diagonal K-matrix that solves Eq. (3.3) (with the R-matrix (3.2)) has been obtained in [37] :
where
with arbitrary ξ ± and any l ∈ {1, ..., n − 1}. Here we have used ± to label the two boundaries. The corresponding integrable Hamiltonian is given by [35, 38] 
where H m,m+1 = I m,m+1 −P m,m+1 . K i,(l) denotes the K-matrix acting on Hilbert space H i ; namely K 1,(l) acts on the Hilbert space at the first site while K 0,(l) on the auxiliary Hilbert space. The eigen-energies and momenta (which now label standing, rather than traveling, wave modes), defined relative to the pseudo-vacuum ω = ( v⊗) L−1 v (with v = (1, 0, ..., 0) T ), are given by [37] 
Here µ i,j satisfy the algebraic Bethe ansatz equations (ABAE)
e −1 (µ q,k − µ q+1,j )e −1 (µ q,k + µ q+1,j ) (3.8)
for k = 1, · · · , M q and q = 1, · · · , n − 1.
Here M 0 = L, M n = 0, µ 0,j = µ n,j = 0, and
In our present case, n = 3. We choose l = 2 (there is a symmetry between l = 2 and l = 1). Then we see that with ξ + = ξ − = 1, the Hamiltonian (3.6) reduces to
This is nothing but the ADM Γ o given by eq. (2.6), up to a constant factor! So the open SU (3) spin chain (2.6) is indeed an integrable system and can be solved exactly.
The paramters ξ ± specify the boundary conditions in a general open spin chain model. In the case at hand, it breaks the bulk SU (3) symmetry down to SU (2) × U (1), the same as the R-symmetry of the gauge theory at hand. Now the ABAE (3.8) reduce to
Before we look for the solutions of ABAE, let us clarify a few points concerning the open spin chain. As we have seen, the "quarks" serve as the boundary fields on the chain, while each chiral scalar field in the composite operators, one of the (ΩZ, ΩZ ′ , ΩW ), corresponds to a site in the spin chain. The ground state associated with Hamiltonian (2.6) is
It corresponds to the open string state with ∆ − J = 1 and is an eigenstate of the Hamiltonian (2.6) with zero eigenvalue. On the other hand, in the vector notation, it corresponds to the pseudo-vacuum ω used to construct the ABAE for the open spin chain. Therefore, the ground state of Hamiltonian (3.10) must also have zero energy. This fact, together with Eq. (3.7), implies that we should take
For the present spin chain there are two types of impurities, labelled by two rapidities µ 1,j and µ 2,j , which are associated with the two simple roots α 1 and α 2 of Lie algebra SU (3). The states with impurities correspond to the excitations of Z ′ and W above the ground state G, i.e. the BMN operators with the replacements of some Z's by Z ′ 's and/or by W 's in G. Considering the highest weight w, which generates the fundamental representation of SU (3), both w − α 1 and w − α 2 are also weights. In addition to the purely µ 1 impurities or bounded µ 1 − µ 2 impurities, it seems that the purely µ 2 impurities are also allowed. However, the weight w − α 2 is not equivalent to w, so it lies beyond the fundamental representation. If we restrict ourselves to the holomorphic operators, a single µ 2 -impurity without being bounded to a µ 1 -impurity on the same site is not allowed. The physical interpretation is the following: A single µ 1 -impurity ( w − α 1 ) creates a Z ′ replacement in the state G, while a µ 1 − µ 2 bounded impurity ( w − α 1 − α 2 ) a W replacement. But an individual µ 2 -impurity ( w− α 2 ) would create a W † replacement in G, making the composite operator no longer holomorphic.
In contrast to closed spin chains, the so-called trace condition, which expresses the cyclic symmetry of closed-string BMN operators (2.3) 
(3.14)
The solution is µ 1 = cot nπ/2L which, together with Eqs. (2.6), (3.7) and (3.10), gives the anomalous dimensions
This result precisely agrees with the open string spectrum with one oscillator mode when
The BMN operators with a single W -insertion, or the open string state with a single oscillator mode in the Dirichlet directions, correspond to an µ 1 − µ 2 bounded impurity in the open spin chain. The ABAE now reduce to
The solution
yields the anomalous dimensions
It is remarkable that the anomalous dimensions (3.18) coincide with those in Eq. (3.15) for very large L (or J), exactly as anticipated by the open string spectrum (2.1). If all of the rapidities µ q,j are real, it is convenient to take the logarithm of the ABAE (3.11): 19) where ϑ(x) = cot −1 (x) ∈ (−π/2, π/2), and Q q,j are integers. Moreover there are no coinciding Q q,j for a given q = 1 or q = 2, because the discreteness of the Bethe roots requires them to be pushed to distinct branches of the logarithm function. The above equations in general cannot be solved exactly. In the thermodynamic limit L → ∞, however, some analytical results can be worked out. An interesting case is to consider a finite number of impurities, i.e., n 1 , n 2 ≪ L. If Q q,j /L ≪ 1, we have approximately ϑ(µ 1,j ) = Q 1,j π/2L. Consequently the anomalous dimensions are approximately given by
This result matches the free open string spectrum (2.1) for states with at most single occupancy of each excited oscillator mode when g s N/J 2 ≪ 1. In contrast to the case with a finite number of impurities, we may also consider the operator with the largest number of impurities, i.e., n 1 , n 2 ∼ L. It corresponds to the highest excited eigenstate of the Hamiltonian (2.6), with the largest eigenvalue (anomalous dimension). In this case, we can replace Q q,j in the ABAE (3.19) by j, and j/L by a continuous variable x. Then repeating the procedure presented in [10, 29] , we conclude that there are 2L/3 µ 1 -impurities and L/3 µ 2 -impurities for the highest excited state. It implies that there are an equal number of Z, Z ′ and W fields in the corresponding composite operator, and they form an SU (3) singlet. Its anomalous dimension is [29] 
This operator is far from BPS, and is beyond the BMN regime. Moreover, this one-loop result (3.21) makes sense even in the regime with λL ≪ 1. It corresponds to R 4 ∼ g s N → 0 in AdS 5 × S 5 , just the opposite to the plane wave limit of AdS 5 × S 5 . We also note that the ABAE (3.11) for the open spin chain allow complex solutions. They correspond to bound states in the system. As an example, let us consider the case with two µ 1 -impurities. The ABAE now reduce to 22) where λ 1 = µ 1,1 , λ 2 = µ 1,2 . When λ 1 acquires an imaginary part, the left hand side of the first equation in (3.22) grows or decreases exponentially as L → ∞. Therefore, we have 2
where a is real and
The energy of this solution is
The condition for the energy to be real requires
In addition, substituting the solution (3.23) into the ABAE (3.22) and expanding it to the sub-leading order in 1/L, we obtain
The above equation yields the constrains 
It can be reduced to 
It is interesting to notice that the interval of the energy level in Eq. (3.31) is only half of that in the free open string spectrum (3.15) . Therefore, these states look like bound states. We hope to return to further clarification of these "exotic" states, corresponding to the complex roots of the ABAE, in the near future.
Conclusions and Discussions
To conclude, in this paper we have investigated the integrable structures in an N = 2 superconformal Sp(N ) gauge theory in four dimensions, which is known to dual to an open+closed string system. We showed that the planar one-loop ADM associated with the gauge invariant composite operators (2. Our study raises several interesting questions. As shown in the last section, there are solutions with a large number of impurities, which is out of BMN regime and far from BPS. From the lessons in the closed spin chain, such solution could be related to the AdS/CFT test of other semi-classical solutions in the string theory. A possible candidate of such semi-classical solutions is the open spinning strings [19] . This is under our investigation. Moreover, there exist the complex roots to the ABAE. They seem to correspond bound states in the open spin chain. What would be the corresponding states in string theory? Or are they simply some pathological features which have no string theory dual? We are not able to answer these questions at present. We leave further study to future research.
In our study, we have been focusing on the gauge invariant operators in the holomorphic class, which corresponds to the replacement of Z ′ -and W -impurity in a pure Z-chain.
As we know, in generalZ ′ -andW -impurities are allowed in gauge theory, breaking the holomorphic nature of the chain. Such BMN operators have more involved ADM, and gives rise to more complicated closed or open spin chain. To clarify whether these spin chains are integrable is also an interesting question.
As mentioned in Section 2, even at the planar one-loop level, there exist the mixing between closed BMN operators and open BMN operators. They naturally correspond to open/closed string interactions in the system. Though in this paper we have turned off these contributions in order to explore the power of the integrable structures in testing the free string spectrum, in particular in the hope of going beyond the BMN regime. However, the fact that the planar 1-loop ADM for the gauge invariant composite operators encodes information on string interactions is quite remarkable. (Indeed as shown in the light-cone string field theory [19, 20] , open cubic and open-closed string interactions show up in the planar 1-loop calculation of two-point functions in SYM.) It would be fascinating to explore effects of string interactions on the gauge theory side by dealing with the more complicated or more complete ADM. Also it would be interesting to see whether there is a bigger integrable structure in the model at hand, such that the integrable structures we found in this paper separately for the free closed and open string sectors are only its substructures.
Of course to pin down the origin of the integrable structure(s), both on the SYM side and on the dual string theory side, is still a challenge. It has been revealed in [39, 40] that there is a relation between the infinite-dimensional non-local symmetry of type IIB superstring in AdS 5 × S 5 [41, 42] and a non-Abelian and nonlinear infinite-dimensional Yangian algebra for weakly coupled SCYM. In addition, it was pointed out that the existence of global symmetries in a field theory seems not an essential ingredient in its relation to an integrable model [43] . The study of the similar issues in the open string sector should provide valuable insights too.
